el UOOOUOOOOOO

000000000000000000000000000 (induction) 0000000
000000000000 (mathematical induction) 0O OO0O00O0O0O0O0O0OO PO
000000000000 0000000O000U0ooUoOoP(O)0D O0UDOO0DOOOOOOUOO

OPx)000000PKx+1) 000000000000 0O00O0 n00000PM)OOODOODO
boooboobooooobooog

bboobooobobooobooooboobooboooooooboooOooooboon
oboooooboooobooboobooboooobOoboOoooobobooooboOobooonn

gboooboooobooooboobooboooobooooboobooooooDbooo
gboboobooooboobooboooboooboobooobooobooobOooooboobooog
oboooooboooobOobooooooooobooocoonoo

6.1 U0OOODOOOOOOO

0000000000000 0000000000000000000 (inductive definition)
ooooo

00 A00OO000DOOO0O0DOODOO0OD AQDODOODObOOOOoDO

e (basisUOD)00OOO0ODO (DODOOOUUCOOOOOD)00OOD AODUOOODOOO
gooood

e (induction stepd 0 000) 000 AODODDDOOODOOODOODOOODOOOOODDOO
AODOOOOOOOOOOOO

e (closure0000)00U0O0O0O0O0O0OOOOOOUODOUDOODODOD ACDDDOOOOOO
ooo

O00000000ODOclosure 00000000000 O0OODOOO0DOODOODOOODOOO
081300000000 A0DOOOoOn

e3cA

ercA=>x+2€A

e 0000000000000 DD ADDDOOOD(DOO0DDADDDOOOOOOOO
oooo.)

0003000 closure 000000000 ADOODDOOODODOOOOODOOOOOOOOON
U l,20000000000000000000000000000000DO00O0O00OO0O0O0
000000000000 O0closure00000000D0OO0O0OO0ODOOOODOOOODOOOO

08 000000 WN.

42



e 0eN.
eneN=n+leN

0 83 A={1,3,7,15,31,...}
o lc A

erxcA=2z+1c A

6.1.1 0O0O0O

000 (list) 00O (sequence) 00000000000 O0O0O0O0OOOOOOOOOOOO
ooo

000000000 (00000)00: 00 ADODDODDOUOUODOOOOO AOOOO
O0O0.00000A0D0O00000 List, 0000000000000

Listga = {{(x1,...,2n) [ n>0AVi.(1<i<n=ux; €A}
googoooobooo..boobuoobooboobobobooboo

08 000D0OD0:
0,(1,2),(2),(3,2,1)

ogooooood <>|:||:||:||:|DDD[|[|[||:||:| nl 000000000
O0000000D000000000 cons, head, tail OO0 .
cons(z, (x1,...,&n)) = (X, 21,...,Tpn)
head((x1,...,zn)) = 21

tail({(z1, ..., xn)) = (x2, ..., Tp)

head 0 tail 00 0000000000000 0OO0OOOOOO (Lista DO0O0OO0OOOOOO)
gooobooobooobgooon

0 85
head({a,b,c)) = a
tail({(a, b, c)) = (b, c)
cons(a, () = (a)
cons(a, (b,c)) = (a,b, c)

O00xze€eAO Le Lista 00000z =head(cons(z,L)) O L = tail(cons(z, L)) 0000
0.000L000000000000L = cons(head(L), tail(L)) 000D 0.

Ub0ob00boobuoboobdbceconsdbOb0OD0O0O0ODODODODOODO cons 0O
gobobooobooobooboboboobobooboooboobooboobobobo

O0000oooo: 00 ADODDODO0AOOODODOO List,000000000000O00O
googo

o () € Lista
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e € ANL € Listy = cons(z, L) € Listy

cons(z, L)JUOOUOOOODDOOOOODOUOD 0000 2::LO0O00O0OOOODO

a: (b (c()))
= cons(a, cons(b, cons(c, ())))
= cons(a,cons(b, (c)))
= cons(a, (b,c))

= (a,b,c)
08 00 100000000DODOO SOoOoOonO
e (0)eS.
o (1)eS.
o L € Snhead(L) =0= cons(1,L) € S.
e L€ SAhead(L) =1= cons(0,L) € S
000000008 = {(0),(1),(0,1),(1,0),(0,1,0),(1,0,1),..} 0000

00000o0ooooo0oooo (,L,2,3)00000000000000000O0D0O0O0O00O0
gbooooooooboo

e Lisp0 Scheme 0000000 DO00O: (123)

e MLOODOODODOOODOO: [1,2,3]

6.1.2 00O

000 (string) 0000000000000 OOO0OOOUOOOOOOOOOOOOOO
abc 0000000000 0ODO0O0O0DODOOO0OOOOOODOD AOOO.

00 (0000000)0000 ¥00000X00000000X00000000 (000
0)ooooooo.

08 00U0O00OO0DO {e, b} 000DOO.
A, a,b,aa,ab,ba,bb,---

uoooooooo ¥»ooobooooboboooogoboo
(X000o0oooooooooo )

e AeX*
e rcYNsSsEY = xse X

gboobOobooooobooooboooooog
(X00oooooooooooo ?2)

00000000000 00000000000 ”abc’000000000000000D0O0
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e Ae ¥

e rcYXNsEY = sz X
(X0000oO0oooooooooo 3g)
o Ae ¥

ezrzeYX=>zxecd”

e sCYNtEY = ste X"

oo 300o0ooboooobooooboooon
0o010bbo200000000000000000000DO ¥»O0000OOODOOOO
O0000000000000000 babe{a,b}* 0000000000

e Ac{a,b}".

e D00 be{a,b}000ObE {a,b}*.
e 00U a€{a,b} 000ab € {a,b}*.
e UDO be{a, b} 000 bab € {a,b}*.

00000 babe{a,b}* 000000000
00000 3000000s,t,veX*0003000000000000000000 stu O
000000000 200 (00)0O0UOOOOODOOOOO

e Use¥*000teX*0000st e ¥ 00000000 0uwe X000 0stu € ¥*00
ooo

o JteXDU0ue¥ 000Nt e 200000000 O0s e X000 Dstu € 00
goo

0000000000000000000000000000000000000000000
00000000 (eb)eD albe) 0000000000000000000O20

088 A={0,1} 000000000000 UOOOCOOUOOOOOOO LOODOOOOO
e 0e L.

e scL=1s€e L.

O 89 S = {a,b,ab,ba,aab,bba,aaab,bbba,.. } 0000000

eacS bes.
[ ]
bse S (s=a00)
seS o as€ S (s=b00)
as €S (s#a00 strhead(s) =a00)
bse S (s#b00 strhead(s)=000)

000 strhead 00000000000 O0OOO (DOOO)O00O0OO

200000000000000000000000000000000000000000000000000AABAC
0O(AAB)ACOOOOODOOODODDODDOODOOD
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6.1.3 200 (binary Tree)

00000020000000000000000000000OODOOO0O0O 200 (OO
000000000000 200)0000000000000000OOO0ODUDOOOOOO
obooobOz20000000000000 20000000

oboooob 20000000020 0000000000000DO0200000000O0
OobOOOO

00 3 [J00O 200 BinTree]
e o € BinTree
e (L € BinTree A R € BinTree) = (L, R) € BinTree.

e L € BinTree = (L) € BinTree.

00000000 1000000000000 (0UOo0o0oUooUooUo o200
0000000 10000000000 oooooooon)

O

L R

AR AR

000 (L,R)00200 LO ROOOODDOOOOD 2000000000000 0O0OOO
0000000o0o0O0(L, R 0000000000000 000UO0000OOOooooOOn
oooooo {L,R}0O0O00DO0O0UOOOO(L,RUDODOLODOUDOOUOODDROOD
gooobooooo

00000000 20000000000000000(0D0)000D0 AUDQUOU2000
0O (00o0O00oo0)00o0 AQOQOOO0 100000000 2200000000

e o € BinTreey

o (€ ANL € BinTreeq A R € BinTrees) = (L, z, R) € BinTree4.
000 000000000 LO0OO00DO0OORODOUOOODODOODO.

o (r € ANL € BinTreey) = (L,x) € BinTree4.

godooo0ol1o00o0ooooooooonon
0 90 BinTreepr 000 (0000000000000 200)
°
(0,1,0)
((0,2,0),1,0)

((0,2),1,0)

46



0000000000 200000000(L,#,RY 00000 Tree(L,2,R)0000(L,z)0
0000 Tree(L,2) 000,

0 91
Tree(Tree(o, 2,0),1,0)
Tree(Tree(o,2),1,0)
O00O0O000O head, taill DO DO OO0OOOOO 200000000000000000DOO.
label(Tree(t1, x,t2)) = x

label(Tree(ty,z)) = x
left(Tree(ty, z, t2)) = t1
left(Tree(ty, z)) =t
right(Tree(t1, z,t2)) = ta

000000000000 0O0000O000O000DObO000 right 0DODOOODO 10O
oboooooboooooooooon

0 92 BinTree, 0000000 D0D0OO0OOO0ODOODOO Th000000000COO0O
e ocTy.

o x € ANt €Ty = Tree(t,z,t) € Ta.
0 0
AN
/\ /\

093 {0,1}00000000000000O0UOO02000000000000000000O
oOoOooo0oo0,1000000D0000000 Opps.

DDDDDDD)

©,(0,0,0),{0,1,0) € Opps.

Tree(t, z, Tree(right(¢), 1,left(t))) € Opps, if label(t) =0
Tree(t, z, Tree(right(¢), 0,1eft(t))) € Opps, if label(t) =1

/\ /\
/\ /\

z€{0,1} A teOpps:>{

DDDDDDD)
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6.1.4 BNFOO (})

BNF OO (Backus-Naur Form 000 Backus Normal Form) 00 000000000000
oboboo1gboooobooboooboooooboooboOoooobooboooobooobooooboOooonoag
ooooooooBNFOOOODOOOOOOOODOODOObOOobOOobOooooooboobo
ggooobobbbooooooobobooo

OO0o0ooOo0o00D BNFODOOOODOOODOOOOODOOOOODOOOOOOOOO
ooooooo

094 [D00000O0OO0OOOOO]

0000000000000 0U0Uooooooooooooooooooda,b,e,- 240
oooooooooodo,l,2,---,9}0000000000000OO0OOOO0 BNFOOOOO
000 (expression) 0 0000000000000 0O0OOOO

(0) == (00)[(00)[(0)+(0)[(0)=(0)

(0)YO (OO )OOOUOOOUODODOOODOOOOOOOOOOOOUOOOOO | ooooo
000000 (basis O induction step) D00 ODO0O00O000OO BNFOOOOODOOOOODO
oooono

e 00000000
e 00000000

e 2000 yOOOODO z+y000000
e 2000 y0OOOOO z-y0O000ODO

OO0000abe+231-50000000
BNFOOOOD 1000OOO

(0 (00 ):=(0 ) |begin (0 T0O ) end
| while (O Y do (O ) | if (O ) then (O ) else (O )

(00D (0D)1(ooo);(0)

000 whileOOOOOOOOOOOOOOOOOOODOOO (statement) 000000000
ooboooboobooobooboboboo200b00boo0oboo0oooooDooooDDboOoOoDO
gboooooboooooboooo

z:=3; y:=0; while x do begin y:=y+3;z:=2-1 end

6.2 UUUOOOOOOoooOn

OO00000O000DODO0O00DDODO head, tall DOOODOOOOODOOOODOOOOO
boboobooobooooobooobooobooboooboooobooobooboooobooog
00000000000 (bo0oUoo0)obooooooUoooo

00400 f:A—-BOUOUD ADDOUOOODOOODOOO)
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e (basis) ADODOOUDODO basisOOUOUODOD0O 200000 f(x) D00 BOOOODOOO
goooood

e (induction step) ADDDOODODO inductionstep J0a € ADD be ADDDOODOOO
00000000 f(«) 00000000 f(b)e BO00O0OO

00 A000000OQ0DODOOO0OO0000OOOO0O0O0O000000OO0fOOOOOOO0O
gooooooooooof:A—-BO0OOO
000000 NODODDOOf:N—->BUOOOOO fO00000OO0OOOODOOOOODO

e 0N OO0OO f(0)000O0O0OD0
eneNDOOODOOf(n)00OOOD0Df(n+1)0000000

oboooooboooooooobooon

I (n=000)
f(n) {.”ﬂm%”(nm+1DD)

000On=m+10000 f(m)000 fO00000000000 (DO0O0O0O00000O0
0)00D0O000f(n+1)000000

(o (n=000)
fm%_{fm+n+3(n:m+1mm)

0000D000000000000030

09 f[N—->N,neNDODODD1002n+10000000000000 f(rn)0D0ODDD
oooooboooobOdn>1000

f(n)

1+3+--+2n-1)+1)+(2n+1)
= f(n=1)+2n+1)

ooooooooooo0oooboOoooooooO fO0OODOO

1 (n=000)
fn) =
fm)42n+1 (n=m+100)
096 00 add: N xN = N.
000000200 00000000000000000 M OOODOODOOOOOOO 20
uooooooobooobod

add(n, m) — m (n=000)

’ add(p,m)+1 (n=p+100)
add(n, m) n (m=000)

’ add(n,p)+1 (m=p+100)

gboboboobobobobobob +-1oboboboooboboopooobooonog 41
(OOoo0OoOoOoUoOOo0oUbOOOOoOO)oooo

300000000000000 f(n)=---f(n+1).---0000 fO00D0000O000D 0000000000
0000000000 (recursive function) 00 0000000000000 000OO0O0O0DOOO00ODOOOOOOO
0000000000 (inductively defined function) 0000000000000 0O00OOO0OOOO fO000OO
goooooooooo
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O 97 00 times: N x N — N.
go0oooO0o2000000000000000001000000A0O

0 (n=000)

times(n,m) =
( ) {times(p,m)er (n=p+100)

0 98 00O factorial(n).

1 (n=000)
n x factorial(lm) (n=m+100)

factorial(n) = {

099 boobooobooooooboooooaon f:N—)ListNEI f(n)={(n,...,1,00 000
ooo

o (n=000)
1 {conS(mf(p)) (n=p+100)

J(3) = cons(3, f(2)

(3,/(2))

= cons(3,cons(2, f(1)))

= cons(3, cons(2, cons(1, f(0))))
(3, cons(2, cons(1, (0))))

= cons(3, cons

= (3,2,1,0)

oboboboobooborn=00000n~>10000000000000000000 n =
0,1,---,k 0000 »>k00000000000000DO00O0O0Of(nOODODOOO
m<n0O00O f(m) OOOOOOODOOO

0O 100 FibonacciOO fib(n) 0O OO0OO0OOO0OO0OOOOOOOOO

v — | 1 (n=1,200)
(n) = fib(n —1) +fib(n —2) (n>200)

0101 0000000 O0D00OO head; Listy — A, tail; List 4 — List 4.

head(z) = | 000 (x=()00)
Y (x =cons(y, L) O 0O)

iy -{ 990 1£-000)

0 102 000000 length: Listg4 — N.

0 (x=(00)
1 +length(L) (z =cons(y,L)00)

length(z) = {

00000200001 + length(tail(z)) 00000000000

0 103 000000 (concatenation) @ : List s x Lista — Lista.

o @=(D0)
ey {cons(z,L@y) (x =cons(z,L)00)
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0 104 2000000000000 nodes : BinTreey — N.

0 (z=0(00)

nodes(z) = { 1+ nodes(L) + nodes(R) (x = Tree(L,y,R) 0 0)

0 105 2000000000000 -: ¥ x¥ =Y. 00000¥X 00000000 100
goooboooboobao

s~t={t (s=AD0)
z(u-t) (s=zuD0)

0b0b000s,t,bue2* 000 X 0000000000 100002zeX 0 ve®* 00
s=zu 000000 sObOOO0OO0O0OCODOODOODOOOOOOOOODOODOOOODODOOOO0
gb2000000000000000000000O00DO0

PR (t=A00)
e scu)x (t=wx00)

6.3 UULoooond

ooooO0o0O0O0O0O0OD0 AODODODODD0DAOOOOODOOODOODOOOOO POOOOOOO
00000000000000 (induction) 0000

6.3.1 O0O0OOOO

0000000000000 000000000U00O00OD 20000, P(x)000OOOO
obooobooboooo20b00b00000boo

o (base case) P(0) 00D DOOOODODOO.

e (induction step) 000 x e NOODDOOP(z)0000D0D0D0DODOOO00P(z+1)
oooooogooao.

0106 00 D000 0000000 (20)000 2etleeth opopg
00: P(r) 00000000 MDO0D000000

e P(O)OD0*=2-10000000000

e Pl)00IODOOOUODOODDOR+1000000O000OO

n(n+1)2n+1)
6

(n+1)(n+2)(2n + 3)
6

+(n+1)? =
000000P(R+1)00000
e 00000000 neN OOOOO P(n)00000

00000000000 0OVReN.P(n) 00000000000 0D0OD0O0OO0ODOOOOOO
oboooooooon

{00000000000000 (induction hypothesis) 0000
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e n 00000 OOOODOODOOO:

n>k 000000000000 Pr)OOODOOUOOODOOODbase case 100
P(k) D0 0OOinductionstep 000 n>k 00000000 n00000P(n) 0000
0O P(n+1)0000000000COOOO

e nUDOODODOODOOODOOO:

00000000000 P(r)OODOO0OO0O0O000O0O0O00OObase case D n=1000
induction step 000 P(2k+1)00000 P(2k+3)0000000

e JUOODOODDOODOODO:

induction step 000 P(n—1) 00000 0<k<nOO0000 k0000 P(k)0ODO
000000000 P(r)000000000

O 107 00 fpO0000000O0n>000000

(5 -(52))

gboooooboooonoo
0000000000 gn)DOOOOOODOO

1 (15 [(1-vB)"
g(n) = % 5 - 9
nooo

0000.00000000000000 Va.(n>0= fibn)=g(n)000.

en=1000
-3 ((457)- () o
en=2000
1 6+2v5 6—2V5 ,
9(2):% <<4> - <4>> =1= fib(2)
en>2000

k<nO0O00OO0OD0OOO EOOODO fib(k)=¢k) D0DOO0O0O0O0O0U0OO. n—20 n—1
OO000000 k=n—-20 k=n—-10000000000000000000O

fib(n) fib(n —2) + fib(n — 1)

= g(n—-2)+g(n-1)

o1 (3B (1B [(3-vB) [1-vB)"
5 2 2 B 2 2

1 {145\ [1-vB)"

VA 2 B 2
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6.3.2 DUOOOOOOOOO

0000000000 0O00O000O000O00O0UD LelList,0000,P(L)OD0OOODOO
oboooooboo2000000000.

e P(() D0DODODODOOO.

e 000 LeList4 0000 ac ADODOODOP(L) 000000000000 P(a:L) O
0ooooooooo.

0108 000 z,yelList, 00000000000 OOOOODOOOOOO
length(z ® y) = length(x) + length(y)

(00)0002000000000000000000 «€ Lista00000OVy € Lists.length(z®
y) = length(z) +length(y) 0000000000 MD 00O P(x) 0000

o (basecase) x=()00. 000 ye List, 0000

length(() @ y) = length(y) = length(()) + length(y)
0000000 Px)OOOOOO

e (induction step) x =a::z00. 000 ye List, 0000

(O00) length((a::2)®y) = length(a: (zdy)) (@00000O0)
= length(z®y)+1 (lengthODOODOOO)
= length(z) +length(y)+1 (0O0O0O0O0O0D0OOO0OO P(:)000)

(0D0) length(a :: z) +length(y) = length(z) + 1+ length(y) (length OO D OODO)

0000000 Pla:2)000000
00000000 ze€Lista 0000 P(x)DOODOOOO

oboocobooooboboobobooobooboobooooooooboooooboooobooon
oboooboooobooboboooboooobooobooboooboooboobooboOooog
gbobooboooobooooboooobooboobooboooboooobooboooboooooag
000°000000000000000000000000000000000000000
obobooooooboboooboooooboobobooooooboobobobooooooooonoag
oono

0000000000000 20 y0O0O0200000000000000020000000000000 y0O
goboo0oo0Oo0ooo0o0ooooooooobo0o0ooooooooooOoooooooooOooboboOoOooooon
‘0000000000000 000000000000000000000
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6.3.3 0000000000 (4)
0000 z€BinTree4, 0000, P(z)000000000O0O0O0OOO 200000000
e P()D0DOOOOD.

e 000 2,y € BinTree, 10000 a€ ADDODOOP(z), P(y) 10000000000
00 P(Tree(z,a,y)) 00 000000ODO.

0000000000000 0O000000000O00000000O00000O0000O0O0
000000000000 (structural induction) 000000
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